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Introduction 
This paper deals with the qualitative behavior 

of solutions of rational differential equation 
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which has a continuous differentiable right-hand side 
and a unique solution for the initial value problem, 

: ( ), 0,1,2,3,4; : ( ), 0,1.i i j ja a i b b jθ θ= = = =  
The main reason of great interest in these equa-

tions is that they are closely related to planar vector 
fields. It is known [1]–[3], for polynomial differen-
tial system 
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where ,ij ijp q  are real constants. There has been a 
longstanding problem, called the Poincaré center-
focus problem, for the system (0.2) one can find 
explicit conditions of ,ij ijp q  under which (0.2) has a 
center at the origin (0, 0), i. e., all the orbits nearby 
are closed. This problem is equivalent to an ana-
logue for a corresponding periodic equation 
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To see this let us note that the phase curves of 

(0.2) near the origin (0,0) in polar coordinates 
cos , sinx r y rθ θ= =  are determined by (0.3), where 

( ), ( ), 0,1, 2, ,i ia b i nθ θ = …  are polynomials in 
cos ,θ  sin .θ  

The limit cycles of (0.2) correspond to 2π -pe-
riodic solutions of (0.3). The planar vector field (0.2) 
has a center at (0,0) if and only if the equation (0.3) 
has a center at 0,r =  i. e., all the solutions nearby 
are 2π -periodic [1]–[3]. 

The method of Lyapunov is often used to study 
the center-focus problem, but for high-order systems 
it is very difficult to give the center conditions. In 
this paper the method of reflecting function to study 
the behavior of solutions of (0.1) with the sufficient 
conditions for r = 0 to be a center is applied. 

Now the concept of the reflecting function, 
which will be used throughout the rest of this article 
is introduced. 

 
1 The main facts from the theory of reflecting 

function 
Consider differential system 

( , ) , , ndx X t x t R x R
dt

= ∈ ∈       (1.1) 

which has a continuous differentiable right-hand 
side and general solution 0 0( ; , ).t t xϕ  

For each such system, the reflecting function is 
defined (see [4]) as ( , ) : ( ; , ).F t x t t xϕ= −  Therefore, 
for any solution ( )x t  of (1.1) 

( , ( )) ( ), (0, ) 0.F t x t x t F x= − =  
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If the system (1.1) is 2ω -periodic with respect 
to ,t  and ( , )F t x  is its reflecting function, then 

( ) : ( , ) ( ; , )T x F x xω ϕ ω ω= − = −  
is the Poincaré mapping of (1.1) over the period 
[ , ].ω ω−  Thus, the solution 0( ; , )x t xϕ ω= −  of (1.1) 
defined on [ , ]ω ω−  is 2ω -periodic if and only if 0x  
is a fixed point of ( ).T x  The stability of this peri-
odic solution is equivalent to the stability of the 
fixed point 0 .x  

A differentiable function ( , )F t x  is a reflecting 
function of the system (1.1) if and only if it is a solu-
tion of the Cauchy problem 

( , ) ( , ) 0,
(0, )

t xF F X t x X t F
F x x

+ + − =

=
. 

There are many papers which are also devoted 
to the investigations of qualitative behavior of solu-
tions of differential systems with the help of reflect-
ing functions [4]–[14]. 

 
2 Reflecting function and periodic solutions 

of the equation 
Let us consider differential equation (0.1). 
Theorem 2.1. Suppose that functions 
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are odd functions and 
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Then the reflecting function ( , )F rθ  of equa-
tion (0.1) satisfies the following relation 
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where 0 0 1 1: ( ), : = ( ).b b b bθ θ= − −  
Proof. To prove the present result one only 

needs to check that the function F  implied from 
(2.1), satisfies 
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(0, ) 0.
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Substituting it into (2.2) 
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where : ( , ).X X Fθ= −  
On the other hand, by simple computation 
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Thus the identity (2.2) becomes  
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As 0,Φ =  thus the identify (2.2) is correct, 
i. e., the function ( , )F rθ  implied from (2.1) is a 
reflecting function of (0.1). The proof is finished. 

Corollary 2.1. Suppose that all the conditions 
of Theorem 2.1 are satisfied, and ( ), ( )i ja bθ θ  

0,1,2..., 4, 0,1i j= =  are 2π -periodic functions, 
then all the solutions of (0.1) defined on [ , ]π π−  are 
2π -periodic. 

Proof. From the above assumptions it follows 
that the reflecting function ( , )F rθ  of (0.1) satisfies 
the identity (2.1) and is 2π -periodic, then by [4], all 
the solutions of (0.1) defined on [ , ]π π−  are 2π -pe-
riodic. 

Now let us rewrite (0.1) in the following form 
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Theorem 2.2 Suppose that  
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Then 0 1( , )F r f f rθ = +  is the reflecting  function of 
equation (2.3). 

In addition, if ( ), ( )i ja bθ θ  0,1, 2..., 4,i =  
0,1j =  are 2π -periodic functions, then all the solu-

tions of (2.3) defined on [ , ]π π−  are 2π -periodic. 
Proof. Using the above conditions, it is not dif-

ficult to check that 0 1( , )F r f f rθ = +  is the solution 
of the Cauchy problem 

Y( , ) ( , ) 0,
(0, ) 0.

rF F r Y F
F r

θ θ θ+ + − =

=
 

Therefore, 0 1( , )F r f f rθ = +  is the reflecting 
function of (2.3). On the other hand, as 4 1( ), ( )a cθ θ  
are 2π -periodic, then 0 1( , )F r f f rθ = +  is 2π -pe-
riodic, so all the solutions of (2.3) defined on 
[ , ]π π−  are 2π -periodic. 

Now consider the equation 
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which has a continuous differentiable right-hand 
side and posesses a unique solution for the initial 
value problem, 

: ( ), : ( ) ( 2,3, 4, 1, 2)i i j ja a b b i jθ θ= = = = . 
Denoting:  
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Theorem 2.3. Suppose that 1δ  is an odd func-
tion and 
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Then 
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 is the reflecting function of 

(2.4). Besides, if  ( ), ( )i ja bθ θ  0,1, 2..., 4,i =  0,1j =  
are 2π -periodic functions, then all the solutions of 
(2.4) defined on [ , ]π π−  are 2π -periodic. 

 

Proof. Using the above assumptions, it is not 

difficult to check that 
1
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(2.4) and 2π -periodic, therefore, the present result 
is true. 

 
3 Example 
Consider polynomial differential system: 
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are constants. 
Taking cos , sin ,x r y rθ θ= =  the system 

(3.1) becomes to (2.4) with 
3 2 2 3

2 20 11 20 02 11 02( ) ( ) ;a p C p q C S p q CS q S= + + + + +  
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where : cos , : sin .C Sθ θ= =  
If all the conditions of Theorem 2.3 are satis-

fied, then the origin point (0,0) of system (3.1) is the 
center. 

 
Conclusion 
The paper shows that, applying Mironenko 

method for reflecting function, one can easily get the 
center conditions for the above system. While using 
Lyapunov method, obviously, it is difficult to deter-
mine when the origin (0,0) is a center. Therefore, 
sometimes it is better to solve the center-focus prob-
lem using the method of reflecting function than the 
method of Lyapunov. 
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